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A consistent method is presented for predicting local velocities in smooth tubes, con- Thus it should be possible to predict ratios 
centric annuli, and parallel plates. Consideration is limited to the steady, isothermal, of avcr:rge to maximum vclocity frorn 
fully turbulent flow of constant-density fluids. Experimental data show the proposed friction <inka or, converselJ-, friction 
correlation to be independent of Reynolds number and radius ratio. Intermediate quantities, factors frolrl vc:locity ratios. 
calculated from friction data. Dermit local velocities to be determined over a wide range coworkc~s ( I ,  (i, r )  The dllta of Sage . _  
of operating conditions. 

A number of cxpt.rimental investiga- 
tions have dealt with the distribution 
of mean local velocities in fully turbulent, 
isothermal flow through smooth tubcs, 
but far fewer velocity data are available 
for flow in conduits of noncircular cross- 
section. Some recent publications have 
indicated that velocity profiles in con- 
centric annuli and between parallel flat 
plates can be correlated with those in 
tubes by means of geomctric:il trans- 
formations. Although each case h s  been 
handled separately with more or less 
SUCCCSS, no more general approach has 
been forthcoming. 

It is the purpose of this paper to present 
a consistent method of correlating mean 
local velocities in tubes, annuli, and 
parallel plates. Consideration is limited 
to steady, isothermal, fully turbulent 
flow of fluids having constant density. 
The recommended correlations arc con- 
sistent with theoretical relationships 
developed for fully viscous, or laminar, 
flow, no attempt being made to deal with 
the region of laminar-turbulent transition. 
New velocity data havc becn obtained 
for flow between parallel plates and in 
one concentric annulus to aid in verifying 
the proposed correlations. 

STATUS OF THE LITERATURE 

Rothfus and Monrad (8) h a w  shown 
that thc Reynolds number effect on the 
u+, y+ correlation of local velocities in 
smooth tubes can be removed empirically, 
for practical purposes, by modification of 
the correlating parameters. They suggest 
the use of the dimensionless coordinates 

and 

I t  has been observed that U+ is an 
essentially unique function of I.’+ over 
most of the stream in fully turbulcnt flow. 
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Very close to the wall, the enipiricisrn 
must break down since viscous behavior 
is approximated in that region. Thc 
modified u+, y+ parameters, however, 
make it possible to reduce turbulent 
vclocity profiles in smooth tubes to a 
singlc functional relationship which is 
independent of Reynolds number to a 
satisfactory extent. Thus a starting point 
has becn established from which to pro- 
ceed in studying flow through noncircular 
ducts. 

Rothfus and blonrad have noted that 
fully viscous velocity profiles in tubes and 
parirllel plates are coincident whcncvcr 
thc radius of the tube equals the Iialf- 
clrarancc between the plates, the skin 
frictions arc made equal, and the same 
fluid flows in both conduits. Assuming 
Coincident velocity profiles in fully tur- 
bulent flow under the samc restraints, 
the authors predicted that 

and 
(3) 

If the Reynolds number for parallel 
plates is defined on the basis of a hydraulic 
radius over the whole stream in thc 
usuitl manner, 

The Reynolds number for tubcs is 
ordinarily defined as 

Sincc the maximum local velocity is the 
same for both types of ducts and ro = b, 
then i t  must follow that 

if the local velocities arc truly coincident 
as assumed. In like manner, since the skin 
frictions and fluid densities are equal, 
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were shown to be in exccllcnt agrecnicnt 
with Equations (3) and (4). Tlic: values 
of (V/U, , , )~ obtained from tube data 
(5, 10, 11) at the Reynolds number dc- 
fined in Equation (6) altrrcd tlic ordinary 
u+, y+ correlation for parallel plates in 
such fashion as to yield a corrrlntion on 
C:+, Yf coordinates which INS inde- 
pendent of Reynolds nurnbcr :rnd coinci- 
dent with ttic unique curve for smooth 
tubes. Friction factors computed by 
means of Equation (8) were in srrtis- 
factory agreement with cupc~rirncntal 
friction data. The latter data deviated 
somewhat from the values predicted by 
means of the usual hydraulic radius 
concept. I t  is the opinion of the wrikrs, 
however, th:tt thc deviation was probably 
less than ttic experimcntnl uricwtainty. 
Since irifiriitely broad parallcl plates must 
be approxiin:rted cxpcrimentally by using 
a rcctangular duct of largc aspvct ratio, 
it is almost impossible to corrc,ct for thc 
effect of the side walls on the friction and 
over-all flow pattern. 

Several ycars ago, Rothfus, Monratl, 
and Seneca1 (9) obtained measiiremcnts 
of fluid friction and velocity distribution 
in two smooth, concentric annuli. They 
observed that the radius of maximurn 
local fluid velocity r ,  attained the same 
value in fully turbulent flow as thiit pre- 
dicted from theory for fully viscous flow; 
namely 

They also observed that thc F:tnniiig 
friction factor a t  the outer boundary of 
an annulus, defined by the equation 

could be empirically correlirted over the 
fully turbulent range in a manner inde- 
pendent of the radius ratio r, /r?.  It was 
found that if the hydraulic radius concept 
were applied to the portion of the fluid 
lying betwccn the radius of maximum 
vclocity and thc outer wall of thc annular 
space, the friction factor f2  could be 
obtained with excellent accuracy from 
the smooth-tube correlation a t  thc Reyn- 
olds number 
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The distribution of shearing stress in an 
annulus is not linear in the distance r 
from the centcr of the configuration, nor 
is the viscous velocity distribution para- 
bolic in that distance. Through study of 
the theoretical velocity profile for wholly 
viscous motion (4), Rothfus, Monrad, and 
Senccal defined a distance parameter in 
which the velocity was parabolic. They 
also showed that a corresponding shearing 
stress could be defined which was linear 
in the modified distance and which 
equaled the actual skin friction a t  the 
outer wall of thc annular space. 

The new distance parameters per- 
mitted viscous-flow patterns in an annulus 
to be compared with those in a smooth 
tube of radius (r? - r,,,9/r2, the "equiv- 
dent" tubc indicated in Equation (11). 
I t  was shown that the annular flow cor- 
responded to the flow in the outer portion 
of the equivalent tube, from the stand- 
point of veiocity distribution. On the 
assumption that a similar coincidence 
of local velocities occurred in fully 
turbulent flow, a modified u+, y+ corre- 
lation was developed for annuli. Experi- 
mental velocity data indicated that 
annular vclocity profiles wcre in rough 
agreement with the ordinary uf, y+ cor- 
relation for tubes, and the effect of 
Reynolds number on the correlation 
appeared to  be somewhat greater in 
annuli than in tubes over the lower 
turbulent range. This was later observed 
to be true for parallel plates as well, but 
no attempt was made to resolve the 
question in the case of annuli. 

The velocity correlation for annular 
conduits has some disturbing features 
when compared with the parallcl-plate 
corrclation prcviously described. Although 
the local velocities in the annulus are 
coincident with those in the equivalent 
tube, the maximum velocity in the 
annulus does not occur at the center of 
the equivalent tube. Thus there is no 
simple connection bctween the Reynolds 
numbers in the annulus and tube such as 
shown in Equation (7). Furthermore, a 
pseudo shearing stress, rather than the 
actual one, ig made lincar in the modified 
distance variable; otherwise, the corre- 
lating method for annuli is similar to 
that for parallel plates in that i t  requires 
restraints on the tube radius, the skin 
friction, and the properties of the fluid. 

Tubes and parallel plates are effec- 
tively the limiting cases of annuli as the 
radius ratio progresses from zero to unity. 
I t  is, therefore, reasonable to assume that 
a general method of correlating annular 
velocity profiles might be developed which 
would include tubes and parallel plates. 
The foregoing discussion suggests that 
there is a factor i n '  the behavior of 
turbulent fluids which has not been 
accounted for in previous studies of local 
velocities. 

DEVELOPMENT OF VELOCITY CORRELATIONS 

The distribution of shearing stress in 
an annulus can be shown, through a 
simple force balance, to be 

regardless of the typc of flow. It is 
interesting to note that a hydraulic 
radius RH can be defined for the fluid 
contained between the radius of zero 
shear r,,, and the arbitrary radius r. If 
the hydraulic radius is defined as the 
cross-sectional area of the fluid divided 
by the perimeter of external shear, then 

79" = R, L 

The shearing stress is therefore linear in 
the hydraulic radius. The same is true, of 
course, for tubes and parallel plates. Since 
Equations (12) and (13) can be written 
with r = r2, the radius of the outer wall, 
it  follows that 

The distribution of eddy viscosity, 
& across the annular section is related to 
thc local shearing stress through the 
definitive equation 

where u,, is the mean local fluid velocity 
at the point where the shearing stress is 
measured. Combination of Equations 
(13), (14), and (15) yields 

If t.he eddy viscosity proves to be a 
function of the local fluid velocity, Equa- 
tion (16) can be integrated from the 
outer wall to an arbitrary point in the 
fluid. Thus 

1 - - 2 ( rZ2 - r2 - 2rm2 In :) (17) 
2RII, 

It is convenient to work in terms of the 
average value of the total viscosity taken 
with respect to the local fluid velocity. If 
the average is designated by the super- 
script 0, then 

Y e  

(P f e J o u a  = S, (P + €0)  dua (18) 

In addition, the right-hand side of 
Equation (17) can be represented by the 
symbol @o where the subscript indicates 
that only the fluid,outside the radius of 
maximum local velocity is being con- 
sidered. Thus by definition, 

Equations (17), (18), and (19) can be 
combined to yield the basic relationship 
in the form 

By means of a similar development, i t  
can be shown that the last equation 
applies equally well to the fluid lying 
inside the radius of maximum yelocity 
provided that the - latter retains its 
viscous-flow value indicated in Equation 
(9). Knudsen and Ilatz (3) as well as 
Rothfus, Monrad, and Seneca1 have 
shown experimentally that Equation (9) 
is valid for fully turbulent as well as 
fully viscous flow. 

If Equation (20) is evaluated atx the 
radius of maximum local fluid velocity 
r,,,, then 

The maximum value of aOJ designated as 
aOm, is obtained from Equation (19) with 
r = 7,. The value of @om varies from 1.00 
for parallel plates to 2.00 for tubes. The 
magnitude of is a unique function of 
the radius ratio rl/r2 as shown in Table 1. 

I t  is permissiblc to write Equation (21) 
for that particular annulus whose radius 
ratio is zero, namely the tube. If the 
radius of the tube is Ro, then 

R, = @omRlr,  (22) 

since thc hydraulic radius R H ,  is simply 
Ro/2. Therefore 

At this point it is necessary to make a 
basic postulation about the behavior of 
the fluid in fully turbulent flow which 
transcends the geometry of thc conduit. 
A tube and an annulus will be considered 
for which RO = @ ~ R H ,  and ( T Q O ) ~  = 7tg0 
with the same fluid flowing in both 
conduits under fully turbulent conditions. 
These are precisely the same restraints 
imposed by Rothfus and Monrad on the 
case of flow between parallel plates. It 
will be assumed that the eddy viscosity 
is the same function of the local fluid 
velocity in both conduits. On the average, 
therefore, under the stated restraints, 
Equations (21) and (23) predict that 

G( + ~ J m o u m a  = (P + e9)m"ump (24) 

and if the assumption regarding eddy 
viscosity is correct, 

urn, = urn9 (25) 
For flow in a tube of radius Ro, Equa- 

tion (19) wduces to the form 
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Fig. 1. Correlation of annular velocities inside the radius of maximum fluid velocity. 

EXPERIMENTAL VELOCIN MEASUREMENTS 

Mean local fluid velocities were mcm- 
ured in a smooth, concentric annulus and 
in a smooth, rectangular duct of large 
aspect ratio. The outer boundary of the 
annulus was a Lucite tube with an inner 
diameter of 0.750 in. The corc was a 
smooth copper tube with an outer 
diameter of 0.248 in. The radius ratio 
mas, therefore, 0.331. The rectangular 
duct, formed from smooth brass plates, 
was 14 in. wide with a clearance of 0.700 
in. between its broad surfaces. Adequate 
calming lengths were provided in each 
case to ensure a fuUy developed velocity 
profile a t  the point of measurement. 

The test fluid was water a t  room tem- 
perature. The liquid was recirculated 
through heat exchangers to maintain 
isothermal, steady flow. Local velocities 
were measured by means of cdibrated 
impact tubes formed from hypodermic 
needle tubing. The impact pressures 

a0 = 2[  1 - ($TI (26) 

where R is the radial distance from the 
center of the stream to the point at which 
the local velocity is measured. If Equa- 
tion (20) is applied to a tube and an 
annulus under the restraints previously 
described and if this assumption about the 
eddy viscosity is valid, 

u, = u, (27) 

provided that the distances R and r are 
related in a particular way. I t  is apparent 
from Equations (20) and (26) that the 
relationship must be 

(s) = (") = 1 - (2)' (28) 
@om o *om u 

It is customary to express the position 
of a point within a tube in terms of its 
distance Y from the wall. Thus, since 
Y = Ro - R by definition and Ro = 
(PhRH,, Equation (28) can be rewritten 
in the form 

Thus if a tube and annulus are operated 
with the same fluid and with the stated 
restraints on the linear dimensions and 
skin frictions, the local velocity a t  
distance r from the center of the annulus 
should be equal to the velocity in the 
tube a t  distance Y from the tube wall. 

Since the local velocities, linear dis- 
tances, and friction velocities for tubes 
and all other annuli, including parallel 
plates, have been made equal by the 
procedure described above, it follows that 

and 

[l - 1/1- y,+ = y,+ = 

by virtue of the definitivc Equations (1) 
and (2). The unique U+, Y +  correlation 
for smooth tubes can, therefore, be 
expected to represent velocity distribu- 
tions in annuli and parallel plates. 

The Reynolds number in the equivalent 
tube, defined in the manner of Equation 
(6), must be 

The Reynolds number for the annulus 
can be defined through Equation ( l l ) ,  
that is, 

Therefore, since the maximum local 
velocities in the tube and annulus are 
equal, as shown in Equation (25), 

In like fashion, since the skin frictions 
and fluid densities are equal, 

It is apparent that since ah is unity 
for flow between parallel plates and 
j 2  = jF by definition, Equations (33) and 
(34) are exactly equivalent to Equations 
(7) and (8). The proposed method of 
correlating local velocities in annuli is 
consistent in every way with the parallel- 
plate method suggested by Rothfus and 
hionrad. The assumption regarding eddy 
viscosities can-be verified for the c s e  of 
annuli by means only of experimental 
velocity data. 

were indicated on vertical U-tube man- 
ometers. In order to obtain the necessary 
degree of multiplication in the manometer 
readings, monochlorobenzene and mono- 
fluorobenzene were used as the manometer 
fluids. Since the specific gravities of 
monochlorobonzene and monofluoroben- 
zene at 20°C. are only 1.1084 arid 1.0267, 
respectively referred to water a t  20"C., 
the desired amplification could be ob- 
tained without resorting to the use of 
micromanometers. Special precautions 
were observed in the design and operation 
of the manometers to prevent contamina- 
tion of the liquid-liquid interfaccs. 

Friction data as well as velocity meas- 
urements were obtained over the viscous, 
transition, and lower turbulent ranges of 
flow. Since transition behavior is a 
separate subject worthy of individual 
treatment, only the data obtained in the 
fully turbulent-flow regime are reported 
herein. It should be recognized, however, 
that the lower limit of full turbulence on 
the Reynolds-number scale has been 
established through vclociey measure- 
ments. 

RESULTS AND DISCUSSION 

The experimental velocity data are 
presented in Figures 1, 2, and 3 on 
modified u+, yf coordinates. In each case 
comparison is made with the best line for 
smooth tubes based on the velocity data 
of Nikuradse (Fi). Diessler (2), Rothfus, 
Monrad, and Senecal (9), and Senecal 
and Rothfus (10). The data for the 
annulus have been supplemented by the 
experimental results of Rothfus, Monrad, 
and Senecal in order to extend the radius 
ratio range. 
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Fig. 3. Correlation of velocities for parallel plates. 

TABLF, 1. EFFECT OF RADIUS RATIO 
ON THE PAR.4METER 

t l h  

0.00 (tubes) 
0.10 
0.20 
0.40 
0.60 
0.80 
1.00 (parallel plates) 

%n 

2.000 
1.475 
1.386 
1.257 
1.134 
1.062 
1 .Ooo 

It is apparent that excellent agreement 
with the smooth-tube data is obtained 
through the proposed method of corre- 
lation. The tube relationship can be used 
with equal precision to predict velocity 
profiles in annuli and parallel plates. In  
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the case of parallel plates, the data of 
Sage and coworkers (1, 6, 7) verify the 
results of the present work but are too 
numerous to include in Figure 3. The 
excellent agreement between these data 
and the smooth-tube curve has already 
been shown by Rothfus and hilonrad (8). 

Figure 4 is included to aid the reader in 
visualizing the form of fully turbulent 
velocity distributions in the experimental 
annulus. It is apparent that the point of 
maximum local velocity lies closer to the 
core than to the outer wall. The actual 
value of the radius of maximum velocity 
is in almost exact coincidence with the 
viscous-flow value predicted in Equation 
(9). The mutual agreement of Figures 1 
and 2 also confirms this observation since 
Equation (20) can be applied on both 
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sides of the maximum point only when 
Equation (9) is obeyed. 

In  order to calculate local velocities in 
the proposed manner, values of (V/u,), 
must be obtained for use in Equations 
(30) and (31). Since the velocity ratio 
is readily available as a function of the 
Reynolds number in the equivalent tube, 
the problem is one of evaluating the latter 
quantity. Ordinarily, the Reynolds num- 
ber for the annulus in question is known 
or can be estimated tentatively. If the 
velocity ratio (V/u,,,), is known a t  N R , . ,  

the Reynolds number N R . ,  and the 
velocity ratio (V/u,), can be obtained 
from Equation (33) by means of trial 
and error. 

Unfortunately, too few data on annuli 
are available to permit prediction of 
(V/u,), at various radius ratios and 
Reynolds numbers from experimental in- 
formation. On the other hand, the authors 
have measured fluid friction in various 
annuli and between parallel plates. As a 
result, the friction factor f2 at the outer 
wall is available over a wide range of 
radius ratios in the lower turbulent range 
of flow. By a fortuitous circumstance, this 
proves to be sufficient information from 
which to calculate (Vlu,,,), without much 
difficulty. 

I t  is found that the friction factors for 
all annuli, including tubes and parallel 
plates, are the same function of the 
Reynolds numbcr N R . ,  in the fully tur- 
bulent range. This fact, first observed by 
Rothfus, Monrad, and Senecal, is illus- 
trated in Figure 5 by the data of the 
present authors. Since the friction factors 
are unique functions of the Reynolds 
number, the ratio (V/u,Ja/(V/u,,,), de- 
pends on ATRsp and N R s s  only, by virtue 
of Equation (34). Thus Equation (33) 
can he written in the general form 

( v / z 4 a  = + ( N R e . ,  @om) (35) 

The necessary trial-and-error calcula- 
tions have been performed and the solu- 
tion of the last equation is shown graph- 
ically in Figure 6. Once the annular 
dimensions and operating conditions are 
fixed, the ratio of average to maximum 
velocity (V/ZL,) ,  can be obtained directly 
from the graph a t  the appropriate value 
of N R s ,  and ah. The Reynolds number 
N R s s  for the equivalent tube and the 
velocity ratio (V/u,,,), at that Reynolds 
number can then be obtained from Equa- 
tion (33) and Figure 6 by trial and error. 
The friction velocity (ngo/p)L/*  is obtain- 
able by means of Equation (10) and 
Figure 5 .  The velocity distribution in 
the annulus can, therefore, be determined 
from the smooth-tube curve of U+ 
against Y +  shown in Figure 1, 2, or 3. 

It should be noted that coincidence of 
local velocities under the stated restraints 
does not necessarily result in a criterion 
for the stability of the turbulent regime 
in various types of ducts. The U+, Y+ 
correlation for smooth tubes is independ- 
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ent of Reynolds number in only the fully 
turbulent range above 3,000. When 
applied to annuli and parallel plates, the 
correlation cannot, therefore, be unique 
at Reynolds numbers below the value 
corresponding to a Reynolds number of 
3,000 in the equivalent tube. The Rcyn- 
olds number :VRen marking the lower 
limit of the correlation must consequently 
depend on the radius ratio in accordance. 
with Equation (33). On the other hand, 
the friction data indicate that full 
turbulence in the noncircular ducts is 
maintained until somewhat lower Reyn- 
olds numbers are reached. No attempt 
has been made to evolve a criterion for 
the critical Reynolds number. 

In summary, a consistent and effective 
method is now available for calculating 
local velocities in tubes, concentric annuli, 
and parallel flat plates. Friction data 
provide a basis for determining inter- 
mediate quantities neecssary to thc 
calculation of velocities. Although the 
number of supporting data is limited, 
there is ample reason to conclude that 
the recommended correlation can be used 
in the fully turbulent flow regime over 
the entire range of radius ratios. 
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Fig. 4. Velocity profiles in the annulus of radius ratio = 0.3312. 
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geometrical function defined in p = pipes or tubes 

force/sq. ft.; T~ = skin friction # = functjon in Equation (35)J di- 

Subrcriptr 

.Unnuscripl receiced Aua. 1 S, 1957’: reairion rccsircd 
Equation (19), dimensionless; a = annuli Jan. 2.9, 1958:  piper accepted Jan. 66, 1968. 

Liquid-liquid Extraction Accompanied 
by Chemical Reaction K. FUJINAWA and 1. MARUYAMA 

/ 
Gunma Uniwnity, Japan 

From time to time, A.1.Ch.E. Journal is going to present translations of certain technical 
articles written by oyr Japanese colleagues in their own language. These translations are 
to be made by Kenzi Etani, who received his B.S. in chemical engineering in 1953 at  the 
Tokyo Institute of Technology and his M.S. in 1955 at M.I.T. He is associated with Stone 
& Webster and is an associate member of American Institute of Chemical Engineers. 
H e  is also a member of the Society of Chemical Engineers, Japan, and the Japan Oil 
Chemists’ Society. His offer to help break down the language barrier is acknowledged. 

The following artiCle (two will follow in the September and December issues, respec- 
tively) was published in Chemical Engineering (Iuflun), volume 21, pages 75-79 (1957). 

Abstracts, notation, literature cited, tables, and figure captions not published here 
appear in English in the original paper. No figures will be reproduced in these translations. 

Liquid-liquid extraction accompanied EXPERIMENTAL PROCESS . 
by  chemical reaction was studied with 
the use of the following solutes in water 
and benzene with known interfacial area: 

Apparatus used in this,experiment is 
Two known concen- shown in Figure 

Upper layer Lower layer 
Solvent Solute Solvent Solute Transferred material 

benzene iodine water sodium 1iyposuIEte iodine 
benzene iodine water sodium hyposulfitc + SnI iodine 
benzene benzoic acid water KOH or NaOH benzoic acid 

benzene ncid water KOH or SaOH acid 
benzene butyric mid water KOH or NaOH butyric acid 

monochloro-acetic monochloro-acetic 

tration liquids were introduced into the 
apparatus, then stirred by two mixers, 
with no break occurring in the surface 
between the two liquid layers. The 
stirring speeds of benzene and water 
were 71 and 78.5 rev./min. respectively, 
with rotation in the same direction. 
Benzene was sampled intermittently from 
the container to determine concentration 
change. The solute concentration in water 
was calculated by material balance. 

Extraction of I 2  in k r m e  by Sodium 
Hyporulfite Solution 

The relation between the rate of 
extraction and sodium hyposulfite con- 
centration a t  three L concentrations 
in benzene is shown in Figure 3. All 
white points in this figure indicate experi- 
mental data (black points will be men- 
tioned later.) At a low concentration of 
sodium hyposulfite, the rate of extraction 
increscs iinearly with the increase of 

(Continued on page 6 J )  
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